Phonon transmittance of one dimensional quasicrystals by Jeon, Junmo & Lee, SungBin
Phonon transmittance of one dimensional quasicrystals
Junmo Jeon1, ∗ and SungBin Lee1, †
1Korea Advanced Institute of Science and Technology, Daejeon, South Korea
(Dated: September 29, 2020)
In quasicrystals, special tiling patterns could give rise to unique physical phenomena such as
critical states distinct from periodic systems. In this paper, we study how quasi-periodicity in
aperiodic systems results in anomalous phonon modes, especially focusing on thermal transmit-
tance in one-dimensional quasicrystals. Unlike periodic or compeletly random systems, we classify
certain quasicrystals could host critical phonon modes whose transport properties are topologi-
cally protected based on their pattern equivariant cohomology group of supertilings. Starting from
discussing general rule to find such critical phonon modes, we discuss classification of topologi-
cally distinct thermal transmittance in quasiperiodic systems. To be more specific, we exemplify
(decorated) metallic-mean tilings and Cantor tiling, and derive universal features for resonant and
decaying phonon modes as a function of quasi-periodic strength. Our study paves a new way to
understand thermal transmittance of quasi-periodic systems based on the topological classification
and offers quasicrystals as strong candidates to control drastic phonon modes.
Introduction — A phonon mode in condensed mat-
ter physics has been studied for a long time in the
context of both thermal and electrical properties of
materials3,5,6,12,20. In particular, for a periodic system,
presence of unit length scale makes thermal transmit-
tance to be simply understood by phonon modes based
on the Bloch’s theorem6,12,20. Whereas, in the aperi-
odic system, absence of periodic length scale makes such
analysis impossible and thus study of thermal properties
is quite challenging in general. Instead, when the sys-
tem forms a quasi-periodic pattern, one could expect it’s
quasi-periodicity may give rise to unique phonon modes
and lead to a new type of thermal transmittance8,16,22,23.
Historically, there are various discoveries in thermal
properties of quasicrystals4,10,16,22,23. Both analytic and
numerical studies have been performed related to thermal
conductivity1,7,13,15,16,21,22,25. In Fibonacci quasicrys-
tal, for instance, the fractal structure of phonon den-
sity of states and existence of bizarre thermal trans-
mittance characterized by neither extended nor local-
ized phonon modes have been investigated using transfer
matrix renormalization technique14,16,19. However, how
can one classify distinct thermal transport properties for
many quasi-periodic systems? In addition, understand-
ing the controllability of thermal transmittance in qua-
sicrystals remains another important question we should
ask.
In this paper, we explore the critical phonon modes in
one dimensional quasicrystals and classify them for dis-
tinct topological properties. Based on the transfer ma-
trix renormalization technique and the pattern equivari-
ant (PE) cohomology of supertiling, our study develops a
general scheme to classify unique thermal transmittance
in quasicrystals. To illustrate our idea, we exemplify
metallic-mean quasicrystals and the Cantor tiling and
first derive the condition for presence and absence of criti-
cal phonon modes at special frequencies. It turns out that
the system does not possess any critical phonon mode for
the original metallic-mean quasicrystal case. However,
for some of the decorated metallic-mean quasicrystals,
we find unique critical phonon modes exist. In this case,
the corresponding thermal transmittance shows anoma-
lous behavior in a sense that two different modes either
critical or localized are drastically controlled by quasi-
periodic strength. We emphasize that such anomalous
thermal transmittance is not a general feature for arbi-
trary aperiodic tilings, but entirely depends on distinct
PE cohomology classification of supertilings. We sup-
port this argument by showing other examples including
the Cantor tiling case that belongs to different PE co-
homology group of supertilings and only exhibits rapidly
decaying thermal transmittance. Our study guides the
new plethora to understand anomalous thermal trans-
mittance of quasicrystals that is absolutely absent in a
periodic system, and to classify them based on the PE
cohomology group.
Supertilings for phonon modes — Supertiling
technique is the method of reconstructing patterns for
local patches, which is generally applicable for study-
ing electrical or thermal properties9. To be more spe-
cific, let’s consider the simple model of one-dimensional
phonons assuming that atoms are connected with the
nearest neighbor atoms. Then, the motion of each site
is connected by two interaction links, left and right sides
and the equation of motion is described by local transfer
matrix M[n−1,n+1] as below13,22,(
un+1
un
)
=
(
Kn+Kn−1−mnω2
Kn
−Kn−1Kn
1 0
)(
un
un−1
)
. (1)
Here, Kn is the spring constant between site n and site
n+1. un and mn is displacement of lattice vibration and
mass on site n respectively and ω is a mode frequency.
Now, one can group them with length 2 supertiles.
(For instance, Fig.1 illustrates BAB, BAA, ABA, AAB
supertiles.) With setting of supertiles, one can further
renormalize supertilings into multiple repetitive local
patches. Particularly for certain phonon modes where the
transfer matrices of such renormalized supertiles com-
mute with each other, transmittance shows topologically
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2protected behavior which will be discussed later and we
dub such a special phonon mode as a critical phonon
mode16,22. For non-commuting case, however, transmit-
tance behavior is generally not a topological quantity but
sensitively depends on microscopic details. Hence, focus-
ing on critical phonon modes where the transfer matrices
of renormalized supertiles perfectly commute, we discuss
universal features of thermal transmittance.
Absence of critical phonon modes — Following
the above discussion, we first exemplify the original Fi-
bonacci quasicrystal and show the critical phonon modes
are absent i.e., the transfer matrices for renormalized su-
pertiles do not generally commute. (Later, we will discuss
the cases for other quasi-periodic systems as well.) Let’s
first consider that quasi-periodicity lies on links only in
terms of two prototiles L and S. The substitution rule
L→LS, S→L leads to only three types of length 2 super-
tiles; LS, SL and LL (no SS) and the transfer matrices
for each case are defined as MLS , MSL and MLL respec-
tively. (See Supplementary Material for details.) Then,
for the first few tiles starting with LSLL · · · , the phonon
motion is represented by the consecutive products of the
transfer matrices · · ·MLLMSLMLS . Based on the tiling
pattern, there are certain rules; MLL is followed by MSL
while MSL is followed by MLS . Thus, one can express
transmittance in terms of further renormalized transfer
matrices, MLL and MSLMLS which satisfy the following
commutation relation,
[MLL,MSLMLS ] = λ(γ
−1 − 1)σx. (2)
Here, λ = mω
2
KL
, γ = KSKL and σx is the Pauli matrix.
From Eq.(2), it is clear that MLL and MSLMLS do not
commute with each other and thus a nontrivial critical
mode is absent. (Note that γ = 1 and λ = 0 are the
trivial limits for periodic pattern and ω = 0 respectively.)
In similar manner, one can prove the absence of critical
modes for other types of quasi-periodic cases which is
discussed in the supplementary material.
Presence of critical phonon modes — Unlike
the original Fibonacci quasicrystal, decoration of quasi-
periodicity in the Fibonacci tiling allows the presence of
critical modes. Explicitly, we exemplify the case where
quasi-periodicity exists both on sites and links simulta-
neously, termed as an induced Fibonacci quasicrystal.
In this case, sites are arranged as Fibonacci pattern,
ABAA · · · with two distinct atoms A and B, and two
independent spring constants KAB = KBA and KAA.
(Kij is a spring constant between i-type atom and j-type
atom.) As shown in Fig.1, there are four kinds of length
2 supertiles, ABA,AAB,BAA and BAB with the fol-
lowing rules; BAA is followed by AAB, whereas ABA is
followed by either BAA or BAB. Thus, one can express
transmittance in terms of RU ≡MAABMBAAMABA and
RV ≡ MBABMABA which correspond to renormalized
transfer matrices of U ≡ ABAAB and V ≡ ABAB re-
spectively. Then, the commutator of RU and RV is rep-
resented as16,23,
[RU , RV ] =
λ
γ
(2γ − 1− α[1 + λ(γ − 1)])
(
1 0
2− αλ −1
)
.
(3)
Here, α = mBmA , γ=
KAA
KAB
, and λ = mAω
2
KAB
. Based on Eq.(3),
the critical mode where RU and RV commute, is given
for λ = λ∗ ≡ α−2γ+1α(1−γ) 23. We first consider the special
case λ∗ = 2 when mA = mB i.e. α = 1. When site n is
occupied by B, the global transfer matrix is given by,(
un
un−1
)
= (−1)nV
(−1 + γ−1 2− γ−1
−γ−1 −1 + γ−1
)nU (
u1
u0
)
.
(4)
Here, nU and nV are numbers of RU and RV up to n-th
site respectively. Given the Dirichlet boundary condi-
tion on the left end (i.e. u1 = −u0), Eq.(4) induces the
transmittance as,
Tn(· · ·B) =
{
sech2
(
ln | cos (nUθ)−
√
2γ − 1 sin (nUθ)|
)
if γ ≥ 1/2
sech2
(
ln | cosh (nUφ) +
√
1− 2γ sinh (nUφ)|
)
if γ < 1/2.
(5)
Here, Tn(· · ·B) defines thermal transmittance when site
n is occupied by B (See Fig.1.), cos (θ) = γ−1−1 where
0≤ θ≤ pi and sinh (φ) =
√
−2γ−1+γ−2. When site n is
occupied by A, the transmittance depends if site n−1 is
occupied by either A or B. When it is occupied by B, the
thermal transmittance Tn(· · ·BA) is in similar form with
Tn(· · ·B) but replacing
√±(1− 2γ) into 1/√±(1− 2γ).
However, when it is occupied by A (See Fig.1.), thermal
transmittance is given as,
Tn(· · ·AA) =
sech
2
(
ln
∣∣∣(2γ−1 − 1) cos(nUθ)− ( γ−1−1√2γ−1 + γ−1√2γ − 1) sin(nUθ)∣∣∣) , if γ ≥ 1/2
sech2
(
ln
∣∣∣(2γ−1 − 1) cosh(nUφ) + ( γ−1−1√1−2γ + γ−1√1− 2γ) sinh(nUφ)∣∣∣) , if γ < 1/2. (6)
3FIG. 1. Schematic picture to show definitions
of spring constants, four kinds of length 2 supertiles
BAB,ABA,BAA,AAB in the induced Fibonacci quasicrys-
tal. There are three types of thermal transmittance
Tn(· · ·B), Tn(· · ·BA) and Tn(· · ·AA) which distinguish sites
n and n− 1 are occupied by either A or B.
For all cases, there exists a critical strength of quasi-
periodicity γ∗ = 1/2 which separates two different
regimes; (i) critical i.e. neither delocalized nor local-
ized for γ ≥ 1/2 (ii) rapidly decaying i.e. localized for
γ < 1/2. Figs.2 (a) and (b) show two different transmit-
tance characters when α = 1 for γ = 0.501 and γ = 0.499
respectively. For γ ≥ γ∗, the critical behavior, neither
perfectly delocalized nor localized, emerges with a pos-
sible fractal structure in the transmittance. While for
γ < γ∗, thermal transmittance decays very rapidly as a
function of system size i.e. localized.
One can further generalize for α 6= 1 i.e. mA 6= mB and
search for the parameter regime showing critical behavior
in transmittance. The results are summarized in Eq.(7)
where (x)≥ ((x)≤) indicates that the critical state exists
when γ ≥ x (γ ≤ x) respectively. Remind that when
α = 1 = γ, it describes periodic system and perfectly
delocalized state is present. For any α, the critical value
γ∗ = 12 exists which separates two regime either critical
or localized. However, unlike the case α = 1, there is
another finite regime where the localized mode is stabi-
lized for γ in between α+12α and
α+1
2 . As α deviates from
1, different masses between A and B make the system
harder to transport thermal vibration and this results in
additional localized mode at intermediate γ. In terms of
the critical state, there are two distinct regimes; One is
for large γ in strong quasi-periodic limit and another is
for intermediate quasi-periodicity with 12 ≤ γ < 1.
γ∗ =

(
1
2
)
≥ and
(
α+1
2α
)
<
or
(
α+1
2
)
>
if α > 1(
1
2
)
≥ and
(
α+1
2
)
<
or
(
α+1
2α
)
>
if 0 < α < 1(
1
2
)
≥ and 1>,< if α = 1
(7)
Having explored bizarre properties of critical phonon
modes, we now discuss that such character can be clas-
sified by PE cohomology of supertilings. To see this
explicitly, let’s go back to Eqs.(5) and (6). The Fi-
bonacci substitution leads renormalized transfer matri-
ces as RV → MABARU and RU → MABARVRU , where
(a)
(b)
FIG. 2. Thermal transmittance of the induced Fibonacci
quasicrystals for γ = 0.501 (a) and γ = 0.499 (b) at λ = 2
and α = 1. For γ = 0.501, the critical phonon mode described
by neither perfectly delocalized nor localized appears, whereas
for γ = 0.499 the localized phonon mode appears. See main
text for details.
MABA does not contribute to the renormalized super-
tiling pattern. Then, this is equivalent to the case of
original Fibonacci tiling and thus its PE cohomology
group is simply Z22,17. Explicitly, nU and nV , num-
bers of renormalized transfer matrices RU and RV re-
spectively, are independent generators of PE cohomology
group Z2. For α = 1, RV is simply an identity matrix
and thus transmittance is independent of nV but only
depends on nU . Therefore, the system is classified by
the generators (U, V ) = (1, 0) ∈ Z2 and there is only a
single finite regime of γ where localized mode is stabi-
lized. As α deviates from 1, however, both nU and nV
contribute in transmittance. This leads the system to be
classified by (U, V ) = (1, 0) and (0, 1) ∈ Z2 and gener-
ates two γ regimes for localized modes. Hence, the lo-
calization character of phonon modes with respect to the
quasi-periodic strength is indeed topologically protected
4and is robust under any kinds of perturbation with PE
transformations11,17.
Our approach based on PE cohomology is generally ap-
plicable for any quasi-periodic tilings. We can show that
the presence of nontrivial critical phonon mode is not
guaranteed by PE cohomology. (In supplementary mate-
rial, exemplifying other types of decorated metallic-mean
quasicrystals, we argue that the presence or absence of
critical phonon modes depends on the system and is not
related to the PE cohomology group.) However, if they
exist, the localization behavior of critical modes is indeed
classified by the PE cohomology of renormalized supertil-
ing. To support our argument, we now explore the Can-
tor tiling case and show that distinct PE cohomology
group results in different localization behavior of ther-
mal transmittance at critical mode frequency. The Can-
tor tiling is a bi-prototile quasi-periodic system whose
quasi-periodicity lies on links; L, S. It is generated by
the substitutions L → LSL and S → SSS. Apparently,
there are three kinds of supertiles, X ≡ LS, Y ≡ SL
and Z ≡ SS but no LL9. In addition, there are certain
rules; Y is followed by X and Z always consecutively ap-
pears even number of times. Based on the substitution,
the first couple of Cantor supertilings are represented as
XYXZ2Y XY XZ8Y · · · where Zk is the compact nota-
tion for k-number of Z supertiles. Then, ignoring the
first supertile X, the system can be renormalized with
two supertiles Y X and Z2. The commutator between
the renormalized transfer matrices MXMY for Y X and
M2Z for Z
2 is then,
[MXMY ,M
2
Z ] = (λ− 2)λ(γ−1 − 1)σx. (8)
Here, λ = mω
2
KS
and γ = KLKS . Thus, one can easily read
off that the renormalized transfer matrices perfectly com-
mute with each other and the critical mode emerges at
λ = 2 no matter what γ is. The transmittance where
site n is ended with either X or Y or Z, is summarizd as
following.
Tn =

sech2
(
ln
∣∣−3− 2NY X + 2γ−1(NY X + 1)∣∣) , if end with X or Z2
sech2
(
ln
∣∣−3− 2NY X + 2γ−1(NY X + 2)∣∣) , if end with Y
sech2
(
ln
∣∣−1 + 2NY X + 2γ−1(1−NY X)∣∣) , if end with odd number of Z. . (9)
Here, NZ2 and NY X are number of Z
2 and Y X renor-
malized supertiles respectively which appear up to n-th
site. In terms of two renormalized supertiles Y X and Z2,
transmittance only depends on the number of renormal-
ized supertile NY X but not for NZ2 because of M
2
Z = −I
at critical mode frequency. For all three cases, thermal
transmittance of the Cantor tiling rapidly decays as a
function of site n regardless the quasi-periodic strength
γ. To understand such unique behavior of the thermal
transmittance, we first note that the Cantor supertiling
has arbitrarily long consecutive Z supertiles in thermo-
dynamic limit whose lengths are 2k where k ∈ Z. Hence,
in thermodynamic limit, the system can be considered as
an almost periodic system composed of S prototile but
with small portion of L prototile in between which can be
regarded as effective disorders. Thus, it induces rapidly
decaying feature of thermal transmittance.
Such rapidly decaying behavior is completely distinct
from the transmittance of induced Fibonacci quasicrystal
and one can understand it based on different PE coho-
mology groups they belong to. To be more specific, we
compute the PE cohomology group of renormalized su-
pertiling in the Cantor tiling and compare it with the PE
cohomology group Z2 for induced Fibonacci quasicrystal
we have studied. For the Cantor tiling case, it turns out
that transmittance is characterized by Z[1/2] ⊕ Z[1/4]
where Z[1/n] represents
{
m
nk
: m, k ∈ Z}. (See supple-
mentary material for detailed information.) This is ob-
viously distinct from the case for induced Fibonacci qua-
sicrystal, and is responsible for different transmittance
behavior.
Summary and conclusion — We study anoma-
lous critical phonon modes and their topological proper-
ties in one dimensional quasicrystals. By exemplifying
several metallic-mean tilings and the Cantor tiling, the
construction of renormalized supertiles and the criteria
for presence or absence of critical phonon modes have
been studied. For certain types of quasi-periodic systems
such as induced Fibonacci quasicrystal, we show that the
critical phonon mode is present and either critical or lo-
calized behavior of transmittance is drastically controlled
as a function of quasi-periodic strength. Whereas, in dif-
ferent quasi-periodic system such as the Cantor tiling,
thermal transmittance always rapidly decays at the crit-
ical phonon mode. We emphasize that such bizarre lo-
calization behavior of thermal transmittance solely relies
on distinct aperiodic tiling patterns and can be classified
based on PE cohomology group of supertilings.
Our new approach based on renormalized supertiles
and their PE cohomology group, can be generally ap-
plicable for studying one dimensional or even higher di-
mensional quasicrystals and their critical phonon modes.
It gives a way to classify quasi-periodic systems with
associated critical transmittance characteristics. In ad-
dition, similar approach can be also extended to study
more complex interactions beyond the nearest-neighbors
and to find new types of thermal transmittance behavior
which we leave as an interesting future work.
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6Proof of absence of critical phonon mode for
any original metallic-mean tilings — Here, we show
that original metallic-mean quasicrystals do not have any
nontrivial critical phonon mode i.e., the transfer matri-
ces of renormalized supertiles do not commute with each
other. In general, the original metallic-mean quasicrys-
tals are generated by the substitution maps L → LkS
and S → L11,18 and quasi-periodicity lies on links. Es-
pecially, the case of k = 1 is the Fibonacci (or golden-
mean) quasicrystal. For clarity, we call the quasicrystal
generated by above substitution as k-th order metallic-
mean quasicrystal. Since all metallic-mean quasicrystals
do not have SS18, their supertiles used in phonon modes
with nearest neighbor interaction are only three types
which are the same as the case of original Fibonacci
quasicrystal, explicitly LS, SL and LL. In addition,
since S is substituted into a single L, both SLkS and
SLk+1S local patches exist in the n-th order metallic-
mean quasicrystal. Therefore, consecutive L prototiles
appear with either even length or odd length. Thus, in
order to renormalize supertiling, we need both MSLMLS
and MLL which is consistent with the case of original
Fibonacci quasicrystal. Thus, it is clear that every k-th
order metallic-mean quasicrystals do not have any criti-
cal phonon modes. Similarly, when metallic-mean quasi-
periodicity lies on sites instead of links, there is no non-
trivial critical phonon mode too.
Critical phonon modes of modified metallic-
mean quasicrystals — Beyond induced Fibonacci qua-
sicrystal, non-trivial critical phonon modes can exist in
metallic-mean tilings with modifications (especially for
silver-mean tiling). To investigate them, we define the k-
th order modified metallic-mean quasicrystal as the sys-
tem where quasi-periodicity is generated on links by the
substitution map L→ LkS and S → LL. Here, we argue
two remarkable characteristics based on PE cohomology
group studies. First of all, presence of critical phonon
mode is not a topological quantity. Secondly, however, if
the critical phonon modes exist, their thermal transmit-
tance behavior is robust under aperiodic tiling space and
is protected by PE cohomology group. To state our ar-
gument, we exemplify modified metallic-mean tilings and
study drastic thermal transmittance in these tilings with
respect to the strength of quasi-periodicity and classify
them with their PE cohomology group. Then, we also
discuss even though transmittance of different tilings be-
long to the same PE cohomology group, presence or ab-
sence of critical phonon modes depend on cases.
For the 1st order metallic-mean tiling, consecutive L
should appear either SLS or SLLLS. Hence, one can
renormalize supertiling into LSL and LLL renormalized
supertiles. Corresponding renormalized transfer matri-
ces are MSLMLS and M
2
LL respectively. Thus, from the
commutation relation between MSLMLS and M
2
LL, we
obtain nontrivial critical phonon mode for λ= mω
2
KL
= 2.
For λ = 2, we have M2LL = −I where I is an identity
matrix and MSLMLS =
(
γ−1 − 2 −1 + γ−1
1− γ−1 −γ−1
)
. Given
Dirichlet boundary condition for the left end (u1 = −u0),
perfect transmittance is derived except the case where
link between site n and site n − 1 is S type. Explicitly,
thermal transmittance is given by,
Tn =
{
sech2
(
ln γ−1
)
if [n− 1, n] = S
1 otherwise.
(S.1)
Unlike induced Fibonacci quasicrystal, the 1st order mod-
ified metallic-mean tiling does not exhibit drastic changes
of localization in thermal transmittance and this can be
understood based on the PE cohomology of this tiling.
To discuss it, let’s first see how the substitution maps
are induced with the renormalized supertiles. From the
substitution maps for L and S, one can construct the
substitution matrix as S =
(
1 2
1 0
)
whose basis is com-
posed of the number of renormalized supertiles LSL and
LLL respectively. Its PE cohomology group is Z[ 12 ] ⊕ Z
which can be obtained from the direct limit of ST 11,17.
Thermal transmittance in Eq.(S.1) does not depend on
any generators of PE cohomology group i.e number of
renormalized supertiles LSL and LLL, thus the system
is classified with a trivial element, (0, 0) ∈ Z[ 12 ] ⊕ Z. It
is indeed distinct from Z2 which is the case for induced
Fibonacci quasicrystal. We emphasize that entire PE
cohomology groups are different between these two cases
and this causes totally distinct thermal transmittance be-
haviors with respect to the strength of quasi-periodicity,
γ.
Now, let’s consider the 2nd order modified metallic-
mean quasicrystal. In this case, L appears successively,
and hence there is no SLS local patch. In addition,
the substitution L → LLS and S → LL is very simi-
lar to the substitution rule of the original Fibonacci qua-
sicrystal, thus similar forbidden rules of local patches can
be applied having no LLLLLL and etc18. In addition,
L prototile appear only in the form of either SLLS or
SLLLLS. Therefore, one can represent the tiling into
two renormalized supertiles; LLSL and LLL. Then, the
commutation relation between the transfer matrices of
these two supertiles are written as following.
[MSLMLSMLL,M
2
LL] = λ(1− γ−1)(2− λ)
(
1 0
2− λ −1
)
,
(S.2)
where γ = KSKL and λ =
mω2
KL
. From Eq.(S.2), one
can read off the presence of critical phonon mode when
λ = 2. Given Dirichlet boundary condition for the left
end (u1 = −u0), thermal transmittance in this case
shows exactly same as α = 1 case of induced Fibonacci
quasicrystal. One can further check that MSLMLSMLL
and M2LL equivalent to RU and RV renormalized trans-
fer matrices defined in the case of induced Fibonacci
quasicrystal with α = 1 in a sense that S = AA and
BA = L = AB. Hence the two systems are indeed equiv-
alent to each other. Specifically, critical quasi-periodic
7strength that separates either critical or localized behav-
ior in thermal transmittance also appears in the 2nd or-
der modified metallic-mean tiling. This can be under-
stood by PE cohomology equivalence between the 2nd
order modified metallic-mean tiling and α = 1 case of
induced Fibonacci quasicrystal. We note that the two
tilings have exactly equivalent local matching rules of su-
pertiling, thus share the same tiling space topology and
results in the same thermal transmittance behavior at
the critical mode11,17,18.
We now consider general k-th order modified metallic-
mean quasicrystals with k > 2. First note that in this
case, consecutive L prototiles appear with length either
k or k+ 2. Thus, consecutive MLL transfer matrices ap-
pear with length of either k − 1 or k + 1 and the global
transfer matrix is split into MSLMLSMLL, M
k−2
LL and
MkLL. This leads the transfer matrix of supertiling to be
renormalized by MSLMLSMLL and M
gcd(k,k−2)
LL where
gcd(x, y) is greatest common divisor of x and y. For the
case of even number k, gcd(k, k − 2) = 2 while for the
case of odd number k, gcd(k, k − 2) = 1. Thus, we can
divide into two cases; (i) k is even (ii) k is odd. When
k is even number, commutator of renormalized transfer
matrices is exactly same as one of the 2nd order modified
metallic-mean tiling. Thus, the resultant transmittance
is also equivalent to the case of the 2nd order modified
metallic-mean tiling. Explicitly, they have nontrivial crit-
ical phonon mode at λ = mω
2
KL
= 2 and the transmittance
shows the critical behavior for γ ≥ 0.5, γ 6= 1 regime as
we discussed. While, for odd k with k > 2, the commuta-
tor between the renormalized transfer matrices is exactly
same as the case of original metallic-mean quasicrystals.
Hence, for odd k with k > 2, the k-th order modified
metallic-mean tiling do not have any critical phonon
mode. However, for all k > 2, PE cohomology groups
of the k-th order modified metallic-mean supertilings are
identical to be Z2. To be more specific, the substitution
matrix for each k is given as Sk,even =
(
k − 1 k − 1
1 1
)
and Sk,odd =
(
2k − 2 2k
1 1
)
respectively. (Here the basis
is chosen to be the numbers of renormalized supertiles
LLSL and Lgcd(k,k−2)+1 respectively.) Thus, the direct
limit of transpose of these matrices is classified by Z2
and this results in PE cohomology group of supertiling
for k-th order modified metallic-mean quasicrystals is Z2.
Based on above argument, we emphasize that presence of
nontrivial critical phonon mode is not topologically guar-
anteed. In other words, although different tilings share
the same PE cohomology group, it is possible that only
parts of them have nontrivial critical phonon modes.
PE cohomology group of the Cantor supertiling
— Here, we explicitly derive PE cohomology group of
the renormalized Cantor supertiling. This work is de-
rived using the method given in Refs 2, 9, 11, 17, and
24. For clarity, here, we use the notation N∗ for the (in-
tegrated) 1-cochain map on the supertiling which counts
the number of ∗-type (renormalized) supertile.
First of all, based on the substitution maps of the Can-
tor tiling, the substitution maps of renormalized super-
tiles K ≡ Y X = SLS and P ≡ ZZ = SSS are given by
K → PKKP and P → PPPP respectively. Thus, one
can construct the substitution matrix, S,
S =
(
2 0
2 4
)
. (S.3)
Here, the ordered basis is chosen to be the numbers of
K and P renormalized supertiles respectively. Then, to
classify cochain maps of the supertiling, we construct
the Barge-Diamond (BD) complex, the complex com-
posed of equivalence classes of position on the tiling
based on their local patterns2,9,17. In our case, there
are four kinds of vertex flips, vij , which are the equiva-
lence classes of positions whose small neighborhood with
a finite size contains intersection of both i and j renor-
malized supertiles9,17; vKK , vKP , vPK , vPP as shown in
Fig.S.1 (c). By applying the substitutions of the origi-
nal Cantor tiling, i.e. L→ LSL, S → SSS to the vertex
flips, one can show that only vPK , vPP are in the eventual
range11,17 of the substitution maps. Explicitly, under the
substitution maps of L, S in the original Cantor tiling,
vKP , vPP → vPP and vKK , vPK → vPK . Hence, these
two among four kinds of vertex flips contribute to the
tiling space topology in thermodynamic limit17. There
are other types of equivalence classes of positions whose
small neighborhood with a finite size does not contain
any intersection of different supertiles but is completely
confined into a renormalized supertiles P or K. We de-
note such equivalence classes by eP and eK respectively.
(See Fig.S.1 (c)) Figs.S.1 (a) and (b) illustrates the BD
complex and its eventual range of the substitution map
respectively.
Considering the BD complex in the eventual range
(Fig.S.1 (b)) and the direct limit11,17 of ST where S
in Eq.(S.3), one can conclude that the PE cohomol-
ogy group of the renormalized Cantor supertiling is
Z[ 12 ]⊕Z[ 14 ]. To be more specific, let’s consider left eigen-
vectors of ST , v2 =
(
1 −1) and v4 = (0 1) which corre-
spond to NK − NP and NP with the eigenvalues 2 and
4 respectively9,11. In other words, NK −NP and NP are
nothing but the generators with element 1 ∈ Z[ 12 ] and
1 ∈ Z[ 14 ] respectively. Thus, NK which is a linear com-
bination of them belongs to Z[ 12 ]⊕Z[ 14 ] distinct from Z2
as (K − P, P ) = (1, 1) ∈ Z[ 12 ] ⊕ Z[ 14 ]. Thus, it is obvi-
ously different from the PE cohomology group of deco-
rated metallic-mean quasicrystals and one can conclude
that the critical phonon mode of the Cantor tiling be-
haves differently. In this case, the critical phonon mode
of the Cantor tiling exhibits localized transmittance re-
gardless of quasi-periodic strength (See Fig.S.2).
Figs.S.2 (a) and (b) show thermal transmittance of the
critical mode for the Cantor tiling with λ = mω
2
KS
= 2. No
matter what quasi-periodic strength, γ, is, one can ob-
serve transmittance rapidly decays i.e. localized. How-
8FIG. S.1. Barge-Diamond (BD) complex of the renormal-
ized Cantor supertiling under the substitution map given by
Eq.(S.3); (a) BD complex for the renormalized Cantor super-
tiling and (b) BD complex in the eventual range of vertex
flips. eP and eK represent equivalence classes of positions on
the tiling whose neighborhood (within the small size ε, for in-
stance) is completely confined within the same renormalized
supertiles P and K respectively. vij , i, j = P or K, called a
vertex flip, represents equivalence classes of positions whose
ε size neighborhood contains intersection of i and j renor-
malized supertiles. (c) Illustration of such equivalence classes
of positions defined in the renormalized Cantor supertiling
with ε-neighborhood at each position. Remind that supertiles
X,Y and Z are taken to overlap each prototile. For instance,
Y -X-Z · · · at the beginning of array is for SL-LS-SS where
each prototile is overlapped for both left and right sides of the
supertiles. In order to get the tiling cohomology in thermody-
namic limit, it is known that the BD complex in the eventual
range under substitution map should be considered9,17.
ever, there are certain regions where transmittance is not
decaying but constantly maintained. It is originated from
consecutive long range patches composed of S prototiles
only, i.e. consecutive P renormalized supertiles. In ad-
dition, for any γ, the thermal transmittances explicitly
exhibit self-similar structure which can be understood by
the unique self-similar pattern of the Cantor tiling11.
9(a)
(b)
FIG. S.2. Thermal transmittance of the Cantor tiling for
γ = 1.01 (a) and γ = 0.99 (b) at λ = mω
2
KS
= 2. Both
cases exhibit decaying behavior i.e., localized phonon mode
appears. The regions where transmittance is constantly main-
tained, transmittance appear due to the presence of periodic
(sub)pattern by S prototiles. In addition, self-similar pattern
also appears regardless of specific γ values. Sharp peaks or
drops are originated from K = Y X renormalized supertile (or
equivalently presence of L prototiles which can be understood
as effective disorders). They appear in self-similar way and
the feature of sharp peak or drop depends on the sign of γ−1
changing the relative ratio between KL and KS .
